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Convergence properties of sequences of continuous functions, with kth order
divided differences bounded from above or below, are studied. It is found that
for such sequences, convergence in a ‘“‘monotone norm” (e.g., L,) on [a, b] to a
continuous function implies uniform convergence of the sequence and its de-
rivatives up to order k — 1 (whenever they exist), in any closed subinterval of
[a, b]. Uniform convergence in the closed interval [a, b] follows from the bounded-
ness from below and above of the kth order divided differences. These results
are applied to the estimation of the degree of approximation in Monotone and
Restricted Derivative approximation, via bounds for the same problems with
only one restricted derivative.

INTRODUCTION

In a study of “Restricted Derivative Approximation” (R.D.A.) to functions
with one derivative outside the range [7], the impossibility of approximating
such functions arbitrarily closely was proved. These results lead to the obser-
vation that uniform convergence of a sequence of functions with restricted
kth derivative implies the uniform convergence of the sequences of derivatives
up to order &k — 1. Motivated by this idea and the results of [9], we were
able to extend and generalize the above results to sequences of functions
with kth order divided differences bounded from below or above, which
converge to a continuous function in a “monotone norm” (i.e., a norm with
the property | f(x)| < 1g(x)l, a < x <b = |ifll <lgl). It is found that
such sequences converge uniformly on any closed subinterval of [a, b].
This property is also shared by the sequences of derivatives up to order
k — 1, whenever they exist. By investigating the behavior of the sequence
at a and b, we found sufficient conditions for uniform convergence in the
closed interval [a, b].

The present approach does not use the results in [7] but is direct, with
calculations similar to those in [9]. Nevertheless the results have significant
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implications to the problems of R.D.A. and Monotone Approximation
(M.A.). It is shown that for certain functions the degree of approximation
in R.D.A. and M.A. can be estimated by their degree of approximation
from similar classes but with only one restricted derivative.

It should be noted that a special case of one of our main results, ie.,
that pointwise convergence of distribution functions implies their uniform
convergence, is known in a probability context [5, p. 268]. It seems plausible
that the results of this work have further implications in this direction.

In Section 1 we present some properties of divided differences and some
useful notations and definitions. Section 2 includes the main results about
sequences of functions and their convergence properties, and the applications
to R.D.A. and M.A. are given in Section 3.

1. PRELIMINARIES AND NOTATION

In this section we present some properties of divided differences which
are casy to verify [13], and define some concepts to be used in subsequent
sections.

Let f[xy, X1 ,..., x;;] be the kth divided difference of f(x) at k - 1 distinct
points, given by:

FL% - X1 e i] = z s (1.
where w(x) = Hﬁ:o (x — x,). If f(x) has a kth derivative at a point x, then
FB(xy) = lhlgjl kUf[xy s Xo =+ Hyery Xo + kh]. (1.2)

In the sequel we deal with functions which satisfy a restriction of the form
of [Xg seees Xu] = M foralla << xy <x; < <x,<b, (13

where 0 = +1 or —1, and —o0 << M < o0 is a constant. For M = 0

such functions are called k-convex and for & > 2 belong to C**(a, b) [1].
Since (1.3) is equivalent to

Mx*

(of— —k!—)[xo Xy ] =0, (1.4)

any function satisfying (1.3) for £ = 2 belongs to C*~*(a, b). The following
lemma can be derived from (1.4) and the results in [1] on k-convex functions.

Yet, in order to avoid details and notation not relevant to this work, we
present a direct proof:
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LEMMA 1.1. Let f(x) satisfy (1.3) for some k > 1. Then for any
1 < j < k such that f9(x) exists in [a, b]
. k!
B> B A
Uf ! [XO s X1 seens Y}\—J] (k 71)‘ M
foralla < x4 < x; < - < x;_; < b

Proof. Obviously, if glx,, x;] = M for all a < x; < x; < b and g(x)
is differentiable in [a, b], then g'(x) == M for all x € [a, b]. Since the kth
divided difference is the first divided difference of the (k — 1)th, (1.3) implies
(8]0x;) of [xg » X4 5ees X} = M for all distinet x,, xq ,..., Xy in [a, b]
and i = 0, 1,..., k — 1. Using the identity

k-1 (‘,
Z XF(YO Xy, Xg — Xy peeey Xg — Xp_q) = 0

and others like it, we get

k—1 o
z 'a—x— Uf[xo > X1 aeees —\‘k—I]

i=0 i

k-1 i k‘li(xi) Yy Skil I_’(xl)

i=0 ox; = 0'(x)) - |2y o'(x2)

k-
T Z f(x) z - x, EX )E = of [Xg, X1 seery Xp_q],
where w(x) = Hﬁ:) (x — x,). Therefore of '[x;y, X1 ,..., X3_1] = kM for every
k distinct points in [@, b]. A repeated use of this inequality completes the proof
of the lemma.

The results in this paper deal with convergence in norms which are
generalizations of the L,norms (1 < p < o). Such norms are defined
on R, in [2, p. 40]. Their connection with a similar notion called “Fejér
monotonic norm” [3] is discussed in [8].

DerFintTiON 1.1, Let K be a set of real functions with domain [a, b],
which includes Cla, b] as a subset. A norm || - || defined on K is called “mono-
tone” if f,ge Kand | f(x)] < igx)|fora < x <bimply| fll <gl.

Every monotone norm on Cl[a, b] is “majorized” by the sup norm || -1,
in the following sense:

N < Al fllw for all fe Cla, b], (1.5)
where A is a constant independent of f. Indeed for every f(x) € Cla, b]
O <TI -11flle,  a<x<b,
where I(x) = 1, and therefore | f(O <71 - 1 flw -
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We now introduce a useful concept in the investigation of convergence
properties of sequences of functions.

DerINITION 1.2, A sequence { g,(x)} of functions defined on [a, b] is
called “‘nearly convergent” to g(x) on [a, b], if for every subinterval I C [a, b]
and every € > 0 there exists N == N(e¢) such that for every # > N there
is an x, € I satisfying

[ 8n(Xn) — glxn)] < e (1.6)

Obviously if { g,(x)} is not nearly convergent to g(x) then there exists a
subinterval I C [a, b], a subsequence { gnj(x)}, and a number € > 0, such
that for all j

| gn(x) — g(x)| = ¢, forall xe I (1.7)
From this we conclude

LemMa 1.2, If {g.(x)} converges to g(x) in a monotone norm then it
is nearly convergent to g(x) on [a, b].

Proof. Suppose to the contrary that { g,(x)} is not nearly convergent
to g(x) on [a, b]. Then for some subinterval 7C [a, b], € > 0 and a sub-
sequence {g,}, (1.7) holds. Let f{x)== 0 be a continuous function
vanishing on [a, ] — I and satisfying 0 < fi(x) << € for all xe I Then
| gn,(x) — ()| = 1f(¥)], a < x < b, and thus |lg, —gl =|fI >0,
in contradiction to the assumption lim, .}l g, — gl = 0.

2. MAIN RESULTS
We start by proving an auxiliary lemma:

Lemma 2.1. Let I,,1,.... I, be disjoint closed subintervals of [a, b].
A sequence of functions {g(x)}s_, satisfying

| 8alxg s X1 ey X]l =6 >0 .D

Jor all n and for any x;€1;, j = 0,..., k, is not nearly convergent to zero on
[a, b].

Proof. Suppose to the contrary that {g,} is nearly convergent to zero on
[a, b]. Then for any e > 0 there exists N = N(¢) and k + 1 sequences of
points {x"}n_yC1I;,j = 0,..., k, such that

lgax <e, j=0,1..,k n>N. (2.2)
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Let h =min{lx —y|:xel;,yel;,i #j}, then for 0 < e < 8h*k
k

N g,,(x,-")

,'>:0 H?:() (x]_n - xin)

i

ke ke
Z‘ohk hE

I gn[xon, x1n9"'9 xkn]l =

which contradicts (2.1).
The following theorem characterizes the limit function (in a monotone
norm) of a sequence of functions satisfying (for some k& = 1):

ofulxg s, xpl = M foralla < x; < x; < - <x, < b,
o= +1lor —1. (2.3)

THEOREM 2.1.  Let {f,(x)}%_, satisfy (2.3). If for some fe Cla, b]

lim | £, — £1 =0, 2.4
where || - || is a monotone norm, then,
of [Xgsn xel =M foralla < xy, < - <x; <b. (2.5)

Proof. Suppose to the contrary that there are a <<y, <y, < - <
Vi < b such that

Uf[yo,}ﬁ seeny yk] - M — 28, 8 > 0‘

Then the continuity of f(x) implies the existence of k + 1 disjoint closed
subintervals I, I, ,..., I, of [a, b}, such that y;eI,, i = 0, 1,..., k, and

af[Xo» X1 yery Xp] < M — 8 (2.6)

for any x;el,, i = 0, 1,..., k. Thus for n > 1, o(f,, — X0, X1 5eees Xi] =
8 >0 for all x;el,, i=0,1,...,k, and by Lemma 2.1 the sequence
{fa — fin_y is not nearly convergent to zero, which, in view of Lemma 1.2,
is in contradiction to (2.4).

LemMMA 2.2, Let {f,(x)}Y and f(x) be functions satisfying (2.4).
If for some j = 0, { fP(x)}* and fY9%x) exist in a subinterval IC |[a, b,
then the sequence { f 9 (x)} is nearly convergent to f(x) on L

Proof. The above result for the case j = 0 is proved in Lemma 1.2.
To prove it for j > 1, suppose to the contrary that there is a subinterval
I, C I and a subsequence {f, (x)}7_; such that

1F200) — %) = e >0, forall xe, .
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Then for every j -+ 1 distinct points x, , Xy ,..., x; in I; there exists £ € I, , such
that [13]
s . | (5 i Lo €
U= Do) = 7! W&y - ey &0
Therefore by Lemma 2.1 the sequence {f, — f} is not nearly convergent
to zero on I; , which is in contradiction to (2.4) in view of Lemma [.2.

In the rest of this section we investigate the pointwise and uniform
convergence of the sequences { £}, j = 0 for { £,(x)} satisfying (2.3) and (2.4)
These results include those of [9] as a special case.

THeOREM 2.2. Let {fp(x)iy, [, satisfy (2.3) and (2.4). If for some
0 < m < k, {f{™} exist for all n, and f & C™[a, b}, then for every x < (a, b)

lim 19 = %), j =0, 1,.... m. (2.7)

If, moreover, there exist 8§ > 0 and M such that M > sup{of,la, x, ,..., X1,
a<x; < - <xy<a-tdn=172.3M>sup{afu[b, x1 .., X ], b — 8 <
Xp < o < xp < b,n=1,2,..0), then (2.7) holds for x = a (x = b) as well.

Proof. Suppose there is a point x4, a << x4 < b, for which (2.7) does
not hold. By choosing a subsequence, if necessary, (denoted again by {f,}),
we assume that for some j, 0 <C j < m either

o 17(x) — fP(xp)) = € > 0 for all n, (2.8)
or
c(f(xg) — fPxp)) < —€ < O for all n. (2.9)

By (2.4) and Lemma 2.2 the sequence f. (x) is nearly convergent to f%(x)
on [a, b]. Let 8 > 0 be such that for every x, y € [x, — 8, xo + 8] C [a, b]
O(y) — FiD) -
| fOAx) — fOAW) <= [ — (2.10)
and let [x, — &, x, + 6] be divided into 4(k — j) subintervals of length
8/2(k — j) each. Since { f{’} is nearly convergent to f?, there exists N such
that for all » > N it is possible to choose points x,”,..., x;_; in some k — j
of the above intervals, for which:

3 )
—— X - x| £ = 0.... — 7 O =1,
=gy < X, X, <28, v Fpo v =0,k — j, X, Xq n(é ”l)
G m WDypnyy € .
\Af,,, (XV )‘f (.X,, )[ (\W,V: ],...,kr‘/. (2.12)
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and
o[£ 2(x0) — fP(xy)]
T o =%~ 0. (2.13)
Now
of By s 41"seees Xl = 0(f = P Dxo s 3"y 23]
_ Yol — V)]
-2 m
where
IT, = ﬁ x"—x",v=0,1,..,k—j
u=0
For v = 1, 2,..., k — j we have by (2.10)~(2.12)
ol f,2x" — fP(x) '
HV
< e — f""(xv")ll e 'r £ — ) (2.14)
2¢ b ik €
<ue—n Ga—p) ~wm e

Thus the sum of the last £k — j terms in (2.14) does not exceed in absolute
value 1(¢/(28)*7). On the other hand, by (2.8) or (2.9) and by (2.11) and (2.13)

ol f(x) — P (x0)] €
, <T@y

Therefore

P xy s X5l < (2.15)

-
20287
which in view of Lemma 1.1, for 8 > 0 small enough contradicts (2.3).
Suppose now that (2.7) does not hold at x, = @ (x, = b) for some
0 <{j << m. Then as in (2.8) and (2.9) we have

1590) — FO0)l > €, xo=a(x,=b).

Although in the interval [a, a + 8] ([b — 6, b]), 6 > 0, (2.13) may not
hold, yet the same calculations leading to (2.15) yield the weaker inequality
€

) n n
‘fny [x0 > X1 5eens xk—j]l > ES)’C__} s

Xo = a(x, =b). (2.16)
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By Lemma 1.1, since 8 can be arbitrarily small, (2.16) is consistent with
(2.3) only if

—a (xo == b). (2.17)

o Pxg » X1 e X051

N €
A

which excludes the existence of a bound M such that of,,[xy , X1 ,..., X:] < M
x, = a(x, = b) for all distinct xy,..., x, in [a,a + 8] ([b — 3, b]). This
completes the proof of the theorem. _

Notice that, since for x, = a, sgn[]—[,]f: (xo — x,)] = (—1)* and for
xo = b, TI:2 (x, — x,%) > 0, it follows from the calculations leading to
(2.17) that if there is no convergence, necessarily

(— D ol ,%a) — @)} > 0,
ol £2b) — fO(b)} > 0.

The following theorem relates pointwise convergence of sequences satisfying
(2.3) with their uniform convergence.
THEOREM 2.3. Let {f,(x)}7 satisfy
ofulXo > X150y Xi] =2 M (2.18)
Sor some k =1, for all n, and for all o < x5 < x; < *x;, < B, where
o = -1 or —1. If for some fe Cla, B]
lLrI; JolX) = f(x) for every o« < x < B, (2.19)

then lim, ., || fo — flie = 0, where |} - ||, is the sup-norm over [«, B].

Proof. Suppose to the contrary that lim, . |lf, — filo 7% 0. Then
there exist € > 0, a subsequence (denoted again by {f,}), and a sequence
{x,} C [, 8] for which

]fn(xn) _f(xn)l = an "‘f”co > €. (220)

Let us treat the case

O(fn(xn) - f(x'n)) > €,

X > X, lIm X, = Xy, @ < xg < B.
n->oC

All other possibilities can be treated similarly as can be seen from the proof.
Let 8 > 0 be such that for every x, y € [x, , xo + 6]
() — F(0)] < ef243%kE, (2.21)

Let & ,& ..., & be k fixed points in [x, 4 §/2, xo + 8] for which
lgv_‘gu[ >8/2kgv7é‘bb.
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By (2.19) there exists N such that for everyn > N

| falxo) — F o)l < g » (222)
| falé) — fE) < Ek{gk—k v=1,2,.,k (2.23)
Xo < X, < X + 6/4. (2.24)

For k odd, [T-_, (x» — &) < O and
Uf;z[xn ’ gl > 52 ERAES] glc]
= G(fn _f(xn))[xn s 61 3oy fk]

= OUnlxn) — ) zk; o(fu(€) — fE)) + o(f(£) — f(xn)
., —-& = [T ¢ — )¢, —x,)

nHEy

€ 2e/293%F) 1 e
RN =Y O R
which can be made infinitely negative as 8 — 0, in contradiction to (2.18).
For k even, (x, — X, H:i (x, — &) <0 and the contradiction is
achieved by showing that of,[x,, X, , &1 »..., Ex_1] does not satisfy (2.18):

Ofn[xo s Xn s gl ERRRT] glc—l]
. o(fulxn) — f(xn)) 0(falxe) — [(x0)) + 0(f(x0) — f(xn)
(¢n — xo TLZ 50 — &) (X0 — x) [T (0 — &)

N oUfull) — fEN + o(fE) —fx) _ 1 €
* Z:l & — x)é — x) TTE (6 — £ ST

uFAv

+

/

where the last inequality is derived as in the odd case.
As a consequence of the last results we have

CORrROLLARY 2.1.  Under the assumptions of Theorem 2.2
lim | £ — P, =0, j=01,.m,

where || - ||, is the sup-norm over [«, B8], a < o << B < b.
This result was proved in [9] for the case j = 0 and the L,-norms
1 <p < oo

CoroLLARY 2.2. If in Theorem 2.2 assumption (2.3) is replaced by the
stronger assumption

L < fulxos X150 5] < U foralln (2.25)
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and for every a < xo < xy < - < x, < b, where L and U are constants,
then

Lm0 = Pl 0 e O, (2.26)

where || - I, is the sup norm over [a, b].

Proof. By (2.25) and the last assertion of Theorem 2.2 it follows that
lim £,20) = f%x), a<x<bj=01,.,m

This together with Theorem 2.3 yields (2.26).

3. APPLICATIONS TO “RESTRICTED DERIVATIVE APPROXIMATION

In this section the results of Section 2 are applied to the evaluation of the
degree of approximation in “Restricted Derivative” approximation (R.D.A.)
and “Monotone Approximation™ (M.A.) [10, 14]. ‘

The problem called R.D.A. deals with approximation of functions by
polynomials from the class

Ky={plpell, y,I(x) <p®*(x) Cufx),a<x<bi=01,..,s} (3.1

where [],-; is the class of all polynomials of degree <n — I, 0 < &k, <
k<< <k, <<n—1, I{x) <ulx), a<<x<<b, i=0,1,.,s5 and {{(x)}]_,
[{us(x)};_p] may take the value — oo [+ 0] on open subsets of [, b] and are
continuous elsewhere in [a, b]. Moreover we assume that there exists
h e Ck[a, b] for which [(x) < A%)(x) << ufx),a <x < b, i=0,1,..s

Monotone Approximation is a special case of R.D.A. where the class of
approximating polynomials is

M, =1{p|pell, ,, Ez'p(k,')(x) =0, a<x<bhi=12..5}, (3.2

where 1 < k) <k, < - <k, <n—1,¢ = +lor—1.

Existence, uniqueness, and characterizations of the polynomial of best
approximation (p.b.a.) from K, and M, to a given function in the sup-norm
Il - lle , are treated in the literature {6, 10, 14]. On the other hand, estimations
of the degree of approximation from K, as n — oo with fixed constraints
are not yet known. The only results in this direction deal with the special
case of M.A., the sup-norm and a single constraint (s = 1 in (3.2)) [4,
12, 15].

Let || - || be 2 monotone norm defined on Cla, b]. Denote by

E(f,P) = int|f—pl (3.3)

the degree of approximation of a given function by functions from a class ©.
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It is easily seen that for functions satisfying fe C*[a, b] and I(x) <
FE(X) Sulx),a <x<bi=01,.,s:

lim E(f, K,) = 0, (3.4)

To verify this, let € > 0 be fixed. Since there exists a function & € C*s[q, b]
for which I{(x) < A*)(x) < udx),a < x < b,i =0, 1,..., s, then any func-
tion g, = (1 — A)f+ Ak, 0 < A << 1, satisfies the same strict inequalities.
Moreover for A small enough I1f — g,|le = Allf— Alle < €/2. By [11]
there exists a polynomial p, € IT,_, for which max;_o,1,...¢ Il 8" — p% |l <
MiNy<p<n,ico1....,d€/25 £57(X) — Li(x), uix) — g’ (x)}.

Thereforepn € Kn and Hf— Pn Hcc < Hf_" g Hw + ” gr = Pn Hoo <e, which
together with (1.5) proves (3.4).

Using the results of Section 2 and under certain assumptions on the
approximated function f(x) and the ranges {/;(x)};, {u:(x)}j, we hereby
prove that in order to estimate E(f, K,) it is enough to consider the degree
of ‘approximation of f by polynomials with only one restricted derivative.
A similar, but weaker result holds for the case of M.A.

THeOREM 3.1.  Let K, be defined by (3.1), let

K.={plpell, ,[(x) <p*(x) <uflx)a<x<b), (35

and suppose [ (x) and ux) are bounded on [a, bl. Then, for f(x) e C*][a, b]
satisfying

Lx) < f5 %) <ufly), a<x<bi=01,.,5s—1

(3.6)
L) <) <ulx), a<x<b,
there exists N such that
E(f,K,) = E(f,K,), n=>=N. (3.7

Proof. Let p, be a p.b.a. to ffrom K, . Since K,CK,, E(f, K,) <
E(f, K,), and thus to establish (3.7) it is enough to show that for n > N,
Pn€K, .

By (3.4), lim,_, || f — P. || = 0, and since [(x) and u(x) are bounded

159 1, < max {|| L lle » || s llo} = M, (3.8)
e, < M. (3.9)

640/22/4-2
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But for each a < xo < x; < '+ << xy, << b there exists £ € (a, b) such that
Palxo > X1 5o x5 ] = PiP(€)/k,! [13), and therefore the sequence {p,} and
J{x) satisfy the conditions of Corollary 2.2, from which we conclude that

lim [ f? =g =0, i=0, 1,k — L (3.10)

Now (3.6) together with (3.10) implies the existence of N such that for all
n>N

I(x) < PIF(x) < ufx), a<x<bi=01,.5~—1,

and thus p,e K,,, n > N.

The last result does not hold for M.A. since either /(x) or uyx) is
unbounded. Yet, Theorem 2.2 enables us to prove something similar for
this case. To this end, let us associate with every monotone norm || - || on
Cla, b] a monotone norm || - |, on Cla — 8, b + 8], 6 > 0, such that

1A <iflls, feCla—38,b+ 8] (3.11)
Obviously such monotone norms exist; for example, we may choose

fls=1/1+ sup  f(x).
a—d<{x<a
b=l x<b+8

THEOREM 3.2. Let M, be defined by (3.2), and for any 8 > 0 let
M, ={pipell,  , ep™(x)=0a—8<x<b+38. (312

Then for f(x) satisfying
f(x)e C™a — 8, b+ 8],
e.f* () =0, a—8<x<b+3s,

(3.13)
e f4(x) > 0, i=1,2,..,5s —1l,a<x<bh,
there exists N = N(9) such that
E(f, M,%) < E(f, M,) < E(f, M,,%), n = N(8), (3.19)

where
Ef, M) = inf Ilf —pally

and || * |5 is a monotone norm on Cla — 8, b + 8] satisfying (3.11).

Proof. Since M, C M,?°, the left-hand-side inequality in (3.14) is obvious.
Denote by p, a p.b.a. to f from M, with respect to the monotone norm
Il *1ls . Since by (3.4), lim,_. || f— P.lls = 0, it follows from Corollary 2.1
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that im,o | f® — PPl =0, i =0, 1,..., k, — 1, where || - || is the sup-
norm on [a, b].

Thus, in view of (3.13), there exists N(8) such that p, € M,,, n > N(3). This
shows that

E(f,M,) <|f—pnll, n=N@).
By (3.11)
If — Bull <If— Pulls = Es(f; M,)9),

which completes the proof of the theorem.

Theorems 3.1 and 3.2 indicate the importance of investigating the degree
of approximation in M.A. and R.D.A. for the special case s = 1, k; > 1.
The only bound known for this case [15] is not the best possible. Moreover,
there is no point in applying it to the estimation of E(f, M,) via Theorem 3.2,
since the method of repeated integration used in [15] can be modified to
give a similar bound without the requirement of strict inequalities in (3.13).

More specifically, let ¢ be the p.b.a. in the sup-norm from anwc‘ to
f¥) and let E=|f% — g||,. Then for f satisfying €, f*(x) = 0,
a<<xs<b,i=1,..,s,since

sgn [f(kS) -4 — €SE] = —Ssgn €,
the polynomial p,_;_, = g + e,E satisfies

es(f(ks) - pn—1~k8) < Oa

and therefore
€Pnan(X) > e f5(x) =0, a<x<b.

By defining ( f*s1 — Prnr) either as
[0S0~ gty de oras [0~ pai )

we can choose its sign on {a, b]. Repeating this process k, times we construct
a polynomial p,_,ell, , which satisfies:

5 (f(x) — PuaN® < 0 and therefore ¢;p"(x) = ¢, *(x) = 0
for x=[a, b], j =1, 2,..., 5. By this construction p,_, € M, and by (1.5)
E(fiMy) <f —Poall S ANSf — Pralle

< 24(b — @) infremn 12,1 f* — Pl .
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Since in the case of M.A. with s = 1, k; == | a best possible bound for

the degree of approximation is known [4, 12], the above method yields a
somewhat better estimate for E(f, M,). Indeed, starting with the p.b.a.
to f%—1 in the sup-norm for the case k; == 1, s = 1, and applying the

m

ethod of repeated integration, we get

E(f. M,) < 24(6 — )" *infll f "~ p L pell, |

e p(x) 22 0,a < x < b

In view of the results in [4], we have for functions fe C'{a, b}, r = k

3.

2C(b — a)*

E(f, M,) < U — kRt

w(f 28 ek,

where C is a constant depending only on r.

an

N

[5)

10.

11.
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